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Aggendix I

Derivation of Two-pi-pulse and Zero-pi-pulse

by the Inverse Scattering Method

Abstract:

The Inverse Scattering Method (ISM) as applied to Self-
Induced Transparency (SIT) is reviewed. It is shown that the
(zZakharov-shabat) scattering equations follow directly from
the two level system equations. The analytic continuation of
the Zakharov Shabat equations into the complex plane is inter-
preted by an analog: the excitation of a parametric oscillator
by sources growing exponentially in time. This model gives a
"physical feel" for the behavior of the eigenfunctions of the
scattering problem. The spatial invariance of the eigenvalues
is proven following a method outlined by Ablamovitz et al. (1974).
The 2m pulse and zero-pi pulse follow immediately and concisely
from the preceding analysis. It is shown that no zero-pi-like

solution exists with a spectrum centered off the material line.
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Introduction

The inverse scattering method (I.S.M.) is one of the very few
general methods of solution of a class of nonlinear differential
equations in one spatial dimension and time (Gardner et al., 1967;
Zakharov and Shabat, 1972; Whitham, 1974; Ablowitz et al., 1974a;
Lamb, 1973). 1In the application of the I.S.M. a linear scattering
problem of quantum-mechanical nature is associated with the nonlinear

differential equation (Whitham, 1974). The sought-for solution of

the nonlinear differential equation at the initial time t = 0 plays ii
the role of the scattering potential or "well" of the linear scat-
tering problgm. The initial conditions of the proplem to be solved
prescribe the transmission and reflection coefficients of the linear
scattering problem from which the scattering “"well"” may be determined
by staﬁdard techniques of (inverse) scattering theory. The evolution
in time of the scattering problem, which may take several forms
(Ablowitz et al., 1974a,b), then prescribes the evolution in time

of the solution of the nonlinear equation-- or alternately-- the form
of the nonlinear differential equation associated .with this particular
scattering problem (see Fig. 2).

In 1973 Lamb showed (Lamb, 1973) how one may associate with the
equations of self-induced transparency (S.I.T.) one of the standard
equations of the I.S.M., the Zakharov-Shabat equations (Zakharov and
Shabat, 1972). He proceeded through a set of variable transformations
with no apparent physical interpretation. 1In fact, one of the in-

triguing unsolved problems of the I.S.M. is the development of a
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procedure to find the scattering problem associated with a particular
differential'equation.

In many cases the scattering problem of quantum-mechanical char-
acter will have no physical interpretation. It is to be expected,
however, that in those cases in which the physics underlying the
nonlinear differential equation is based on quantum mechanics the
associated scattering problem must have a direct physical meaning.

In the case of the Josephson transmission line and S.I.T., this has
been pointed out by McLaughlin and Corones (McLaughlin and Corones,
1974). The physical interpretation of the scattering problem ob-
tained after Lamb had reduced the $.I.T. problem to one amcnable to
the inverse scattering method is but one example of various develop-
ments presented by different authors in the course of time. The
present author attempted to gain an understanding of the I.S.M. by
uncovering physical interpretétions for the mathematical steps. Even
though most of the specifics have appeared in the literature (Gardner
et al., 1967; Zakharov and Shabat, 1972; Whitham, 1974; Ablowitz et
al., 1974a,b; Lamb, 1973; McLaughlin and Corones, 1974; Ablowitz et
al. 1973; Faddeyev, 1962), this paper may serve as a guide for the
physically inclined to an important mathematical method.

The Zakharov-Shabat equations written as differential equations
in normalized time 1t with the electric field €£(t, z) as the
Sscattering "well" define the linear scattering problem associated
with S.I.T. The spatial variable z plays the role of a paramecter.
In Section I we show the direct connection between the Zakharov-

Shabat equations and the equations of the two-level asyatom int or-
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acting with the electric field in .S.I.T.

The nature of the solutions to the Zakharov-Shabat equations
may be anticipated by recognizing their similarity with a well
known physical problem: the parametric interaction of two waves
via a nonlinear medium excited by a pump wave (Yariv, 1976). This
is done in Section II. 1In particular, it is known that "unstable"
solutions growing in time are encountered in parametric interactions,
This fact may be used to predict the location of the eigenvalues
of the Zakharov Shabat equations in the complex plane,

The exploration in Section III of the behavior of the Zakharov-
Shabat equation in the complex plané leads directly to an equation

for those solutions of the Zakharov-Shabat equations that correspond

to a reflection-free well, and the shape of the well.

In Section IV we show that the assumption of independence of
z of the eigenvalues of the Zakharov-Shabat equations leads to a
form of the Maxwell-Bloch equations of S.I.T. 1In Section V we

obtain the 2n-pulse and zero-m pulse solutions.
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T. The Zakharov-Shabat Equations as the Equations of the Two-

Level Systems

The Zakharov-Shabat equations are central to the inverse
scattering method applied to self induced transparency. In this
section we review briefly the equations of a two level system
excited by an E-field and show that the resulting equations are
equivalent to the Zakharov-Shabat equations (Zakharov and Shabat,
1972) arrived at by Lamb (Lamb, 1973).

In the slow envelope approximation, the wave equation for the
electric field envelope E(x, t) of a plane wave propagating in

the x-direction is in mks units (compare (Lamb, 1973))

__+—.__=.___ (l.l)

where w is the "carrier" frequency, c¢ the speed of light, =«
the dielectric constant, and P the polarization in the medium.
P and E are parallel to each other and transverse to the x-
direction. The polarization of the medium is obtained from the
analysis of two level systems with a distribution of energy-level
spacings. Denote the amplitude of the wave function of the upper
level (1) by a,, that of the lower level (2) by a,. One may

write down two differential equations for the amplitudes a, and

a, as coupled by the E-field (Vuylstcke, 1960). Factoring out

the natural time dependences and retaining only the slowly time

varying portions of the variables, one hase

T EET—————
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el isdt

By ® =E e pya o 8y (1.2
A

3w B g R (1.3)

2" P12 1 - *

where § = w - w,,, and 512 is the matrix element between the

two levels. If we define

| Bl
R (1.4)
1 2% .
+ 18 ¢
B @ 2 BN (1.5)
2 = ¥ .
we obtain
F | dv E «p
f —-—l‘-+i§-vl'=i——-l—2—v2 (1.6)
_‘ dt 2 E o
‘ dv E* .S*
| i —2-.38y,=1 12 v,. (1.7)
! & 8 A

These arec already the Zakharov-Shabat equations, except for a
| normalization. The density matrix p is the statistical average

of the products of the amplitudes a, a, or v;, v, and their
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complex conjugates. Since we are dealing he;e with a pure state

(no collisions) no statistical average need be performed.

Py = Vy vj*. (1L.8)

The positive frequency portion of the polarization P is given

by

P = <N§$} P12> =N §2l<v1v2*> (L.9)

where N is the particle density and the brackets indicate an
average over all two.level systems. One obtains from (1,1) and

(1.11) by dot-multiplication of both sides by ﬁlz/in

B, + E Py, * E
e 2 a2 s 12 = <y, v,*> (1.10)
Q? 3x ih 23t ih
where
g = le§12l2
R S 1.11
2 fie ( :

The equation for the electric field (1.10) completes the

Ssystem of equations; the solution of the Zakharov-Shabat cau

ations
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appears directly as a drive in the equation of the field. The
system of equations is nonlinear in that the drive is nonlinear
3 *
in vy vyt |
Through the use of the normalized variables
Zpl2 - E

g = e 2¢
iKQ

§/9Q

Qx/c,

~A
I}
bl
—~——
(2
1
X,
N
i

the equations (1.6), (1.7) and (1.10) assume the form

L AN <2v, v, *> (1.12)
2 172 .
Z

v
—_— 4+ iz Vv

(1.13)
a1 |

]
|
()}
<
(X

ov
— -ir v
9T 2

£* v,. (1.14)

These equations are already in one of the standard forms of
inverse scattering theory. McLaughlin and Corones (1974) have
pointed out the relation between the linear (Zakharov-Shabat)

problem and the quantum mechanical equations of the Josephson
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junction. They also touched on the problem of S.I.T. without
making the connection of the v's with the wave function ampli-
tudes.

é For later reféieﬁce, and to make connection with the Bloch

E equations, we aiso list the differential eqﬁations for the density

} matrix elements (1.8). They follow directly from (1.6) and (1.7)

dp E «p
12 s 12

+ idp,., = (p - Pun) 11.15)

at 12 ih 11 22
3 E ° 6 E* . 5*

d 12 12
— (p - Paq) = = 2 |l o) - p . (1.16)
at 11 22 ia 21 if 12

After introduction of the variable Tt and the definitions

>
m

= 2p12 = 2v1v2*

=
1

= P11 ~ P22

| one obtains the normalized Bloch equations:

(1.17)

(1.18)
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Lamb (1973) used the Bloch equations, and the field equation

(1.19)

as the defining equation of S.I.T. Lamb had to go through a series

of transformations to derive the Zakharov-Shabat equations. Our
way of deriving the equationé shows, much more simply, that the

Bloch equations are implied by the Zakharov-Shabat equations.
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II, The Scattering Problem

We have shown that the nonlinear selfinduced transparency
equation is cast natufally in terms of a set of linear differ-
ential equations for the amplitudes of the wave functions of the
upper and lower levels coupled by the electric field. These were
the equations of Zakharov and Shabat (1972) central to their formu-
lation of the inverse scattering problem for the nonlinear Schroe-
dinger equation and derived by Lamb (1973) from the density matrix
equations of the two level system by a set of variable transforma-

tions. 1In this section we shall elaborate on the significance of

the Zakharov-Shabat equations.

We consider them to be a set of equations of mode coupl ing

in space, treating T as if it were the distance coordinate, z

E‘ the propagation constant (z is real by definition); the amplitudes
i vy and v, are then wave amplitudes. The function  E(1) plays

the role of the coupling coefficient. 1In the absence of an €-

field, j

|

vV, « exp - izt (2.1} ;

P and 3
v, ® exp + igt, (2.2) !

The wave vV, propagates in the <t dircection, the wave N 1f




the +1 direction (assuming the physicist's definition of phase-

delay as represented by the factor exp igt (¢ > 0)). The ampli-
tudes v, and v, are functions of ¢ and 1. Consider briefly

the Fouriler transform

j dg e-lcy vl(C, 1) = Vl(y, T). (2.3)

If ¢ 1is taken to be a propagation constant, ¢ = w/u with u
the phase velocity of the uncoupled wave, w the frequency, then
y may be interpreted as a time variable (y = ut). This further
interpretation endows the waves Vi and v, with‘dispersion-free
propagation at group velocity u, in the absence of ¥. The
original self-induced transparency problem involving interactions
of electromagnetic pulses with the nonlinear medium requires that
£(t) has to vanish at |1| + ». Hence, equations (1.13) and (1.14)
describe coupling of waves in an interaction region extending from
-® < T < 4w, with vanishing interaction in the limit |1]| -+ .

In the region where E # 0, the forward and backward waves

are coupled. The coupling is lossless in the sense that (for real

= vpte, 01+ lvyte, 0% =0 (2.4)
T

as can be demonstrated easily from Egs. (1.13) and (1.14). 1In

z)




(2.4) waves (1) and (2) may be assigned powers |v1(c, 1) |?> and
vy (g, 1) |%. According to (2.4), both waves carry power in the
same direction-- say the +t direction. Because they have oppo-
sitely directed group velocities, their energies must be of oppo-
site sign (Pierce, 1974).

The concept of negative small signal energy is widely used
in plasma pﬁysics (Sturrock, 1961). Negative energy commonly
occurs in energy conservation principles derived from the linearized
equations of motion of a nonlinear system which contains an energy
“reservoir™ (such as the kinetic energy of ; moving plasma or an
electron beam (Pierce, 1974)). Excitation of a wave (usually a
socalled sléﬁ wave (Sturrock, 1961)) may lower .the overall energy
of the system, a fact that manifests itself in terms of a negative
energy attributed to the wave. The energy is quadratic in the
excitation amplitude of the wave. If a negative energy-wave is
coupled to a positive energy wave, both wave amplitudes may grow.
The growth of positive energy is balanced by the growth of the
negative energy, net small signal energy is conserved. One example
of such a system is the Backward-Wave oscillator (Kleen, 1958).

More familiar may be the example of parametric interaction
(Yariv, 1976) of two waves of frequencies w, and Wy with a
pump ‘wave of frequency wp, so that w, + wy = mp. The phase
matching condition of the (colinear) propagation vectors Kl and
Ez is then Ep = El + EZ' In the steady state, when phase matching

is not realized, one may define
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Cfi-[(kl+k2)-kpl. . |
The equations of parametric coupling between the two waves as a

function of the spatial coordinate (1) are of the form of |
(1.13) and (1.14) when the "fast; spatial variations of the waves

are removed and only the slowly varying variations of "envelopes"

are considered. The energy densities must be reinterpreted as 1
Photon number densities, the power flows as photon number flows

and energy conservation as photon number conservation. To be

more specific, in a parametric process of the type where a pump

photon Wy produces a "signa}" photon at f;equency wy and an

*idler" photon at frequency Wy s the number of signal photons

generated either spontaneously, or by induced emission, must be

equal to the number of idler photons. The wave ampiitudes,

oL
and v, may be so normalized that |vl|2 and |v,|? are pro-
portional to the number of photons per unit length in the inter-

acting wave (1) and (2). Then (with 1 taken as the distance

variable)
2 v |2 2 2 fv,l2 =0
9T 0T
,"
.i are the Manley Rowe conservation relations applied to this para-

metric process (Manley and Rowe, 1959; Weiss, 1957). A parametric

Eiked o O o me o o

instability occurs with the + sign in the above equation, when

the group velocities of waves (1) and (2) are oppositely directed.

The waves v

A T T g -

1 and vV, have further properties somewhat

:
|
|
1
¥
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analogous to lossless coupling of electromagnetic waves that okey 3

reciprocity relations. 1Indeed, from (1.13) and (1.14) it is

easily shown that, given a solution (f is treated as a column

matrix of components fl and fz)

! 3
£ |2 |
£,
|
! then !
’ 5
g & r
£ * 9
£ = ?
— *
£,

is also a solution for the same ¢ (if ¢t is real). Further, ‘
these two solutions are physicélly different. 1Indeed, have f

describe the coupling of wave v, to vy via €(t) with boundary

conditions as indicated schematically in Fig. 25a. The solution

f is the one shown in Fig. 25b. The function f in relation to
f is like the time reversed solution of electromagnetic waves
used to demonstrate reciprocity.

One may generalize (2.,4) to show conservation of "cross power",

i.e. prove the conservation law

d "
L (£,9.* + £,9.%) = 0 (2.5)
ax 1 a6 272 A

where f and g are any two solutions of (1.13) and (1.14). Using
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the property that
- 92*
g =
_gl*
is a solution, if g is one, (2.5) becomes :
i %

dt

This is known as conservation of the Wronskian (Gardner et al., 19267).

Thus far we have studied general properties of the scattering

E- problem. One may use (1.13) and (1.14) to find solutions vy and
N
v, for given E. More relevant to the solution of the self-induced

transparency problem is the inverse scattering problem: given vy
and Voo what ccupling function ¢ (t) produces this particular

Vi and Ve
The S.I.T. problem calls for a very special kind of solu-

tion vl(c, Ty vz(c, T). Indeed, ¢ is the parameter describing

the detuning of the two level systems from the carrier frequency
;] wy. If there is to be no loss, |v;(z, 1)| =1, lvz(c, )| =0
for 1 > »; i.e. every two-level system has to start from the i

ground state Jbefore the arrival of the pulse and muat return into

‘ '~ the ground state after passage of the puls? TQ*: roqui?ément in %f
turn calls for a scatteriqg1VEJI €y " which ngdupaa'hd’reflec- f
| ] L Ok ) wp 16 ' {3
| tion. . (v, = 0) for an 1pg+d;nﬁrmhaJ%“ (c, t)\}tor‘any K |
T - \’ 1 !
le O3 gi ot £PO’ ‘
1 cimy G931 " e papddo YV we GG W RE b
iap” £ §E 5 L EW RALE bnie® L O [
{ t -‘"’f\“‘; Q w U : ‘_"{ \».\ W
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There are wells that are capable of doing this. The ééﬁroedinget

equation for a secant hyperbolic well has a continuum of eigen-

states that are traveling waves outside the well and experience

only a phase shift as they pass through the well (Morse and Fesh-

bach, 1953).

In the next section we set up a method for obtaining

the shapes of reflection-free wells for the Zakharov-Shabat equa-

tions.
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III. The Inverse Scattering Problem

We have pointed out that the solution of self-induced trans-
parency calls for the determination of a reflection-free well. The
inverse scattering theory determines the shapé of a scattering well
from the scattering data. The requirement that there be no reflec-
tion is sufficient to find shapes of reflection-free wells.

We shall develop the method of inverse scattering by simple
physical reasoning. Consider a given scattering well E(T) with

the particular solution £(Z, 1) that approaches the limit as

T &> =
; 1 -igT '
lim- £(z, ) = 5 e ‘ (3.1)
T =00 ;

The function £(g, T) reptesents an experiment in which a
wave v, is incident from T + +», partly coupled to the re-
flected wave vy and partly transmitted.

Next consider f defined by

which is obtained by time reversal of £. It is independent of f

G Ml il S ) e a0
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because it is the solution to a different boundary value problem.

Finally, introduce a third solution g(z, 1) defined by its

limit at 1 +> 4o

lim g(z, 1) = e‘ . (3.2)
T+ 1 ’

Figure 26 shows the experiment represented by g. A mode (wave) vy
is incident from the left upon the interaction region, partly re-
flected (coupled to the backward wave vl) and partly transmitted.

g(z, 1) may be written as a linear superposition of the two inde-

pendent solutions of the (second order) Zakharov-Shabat equation

system.

gl5. t) = alg) £45, 1) + biRE Fix, 1), (3281

The inverse scattering theory enables one to construct the scat-

tering well from the information on b(z) and al(z). We shall
now go through the derivation in a "physical" way, Consider the

[ scattering experiments represented by g, f, and f. Remember

‘L £(<=w/v) 1is interpreted as a propagation constant of a disper- _j
sion free wave and hence is proportional to the frequency. g(g, 1)
is, at first, defined on the real ({=-axis-- for a steady state

scattering experiment, For a given well, the function g(z¢, 1)

e o
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~amplitude growing exponentially with time. Each point in the upper
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may be continued analytically into the upper nalf of the complex
Z-plane. This can be interpreted simply in terms of an experiment

using a wave source (of v2) on the left side of the well with an

half of the ¢C-plane may be thought to have associated with it the
space (1-) dependence of the incident transmitted and scattered
wavés. We show such plots schematically in Fig. 27. Fig. 27a shows
g(z, 1) for a point in the upper half of the ¢-plane. Shown are

the space (1-) dependences of (a) the well E£(t), (B) the

exciting wave 9, of dependence 1lim exp izt, and (y) the reflected
waNe e which is caused by reflegzzzn of the well and is confined
to a finite region of space.

As Im g is increased, the incident wave decays more steeply r
with increasing 1, and as |z| *+ » the reflected wave g, van-
ishes. 1Indeed, the faster the increase with time, (the greater
Im z), the shorter the duration of the interaction and the weaker
is the excitation of the reflection vgl. In the limit of Im(g) » =

the reflected wave 9, decreases to zero. The same can be said

about a spatially very rapidly varying wave, |Z| very large. The

reflection vanishes not only for Im(Z) - » but for |z| > « in
general. Fig, 5b shows an analogous schematic sketch of the exper-

iment described by £(Z, T) a wave incident upon the well from the

right. Like in the case of g(Z, 1), the reflection fz(c, T)

becomes weaker and weaker as |z| becomes larger and larger and

vanishes in the limit |[g| » .




If the well ¢ (1) is chosen "deep and wide enough", the

feedback provided by the well will permit trapped solutions growing
with time at a characteristic rate Im Ck (> 0), where Ck may
assume one or more discrete values, depending upon the depth and
width of the well. A trapped solution is one for which there is
no external excitation g, > 0 as T > ==, The excitation within
the well decays away from the well in both directions. With a fixed
amplitude of g, on the right hand side of the well, the amplitude
of the excitation within the well remains finite for ¢ - A
Indeed, in order to keep the excitation amplitude of the well
fixed when the "resonance", represented by the trapped solution,
is approached, the source amplitude has to decrease until it vanishes
at ¢ = Cpe The trapped solution is shown schematically in Fig. 6.
Power is carried out of the well to supply the increasing eneréy
storage outside the well-- the energy being supplied by the growth
of positive energy in g, at the expense of the negative energy in
9, via the instability within the well. The same applies to
£(¢z, 1) and indeed g(Z, t) and £(g, T) cease to be linearly

independent at ¢ = Ck because they both describe the same trapped

solution.
Finally consider §£(z, t). For real <+, the function is the
time reversed version of f (compare Fig. 25b). Before we con-

tinue it analytically into the upper half plane we must understand

the physical situation represented by the solution f. According

to Fig. 25b, waves are incident from both sides of the well. The
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well is excited by two sources. The sources are so phased that the
"reflected" wave fl on the left hand side is suppressed. This is
the solution that is to be continued analytically into the upper
half plane. A sketch is shown in Fig. 27c. 1In the lower half
plane f(gz, 1) represents an excitation of the well by two sources
decaying exponentially in time, again phased so as to cancel the
wave fl as T > -», (See Fig. 27d.) Trapped solutions exist in
the lower half plane. Indeed solutions of the Zakharov Shabat
equations occur in complex conjugate pairs. Therefore f must
contain the trapped solution decaying in time, at ¢ = ck* in the
lower half ¢-plane. fz is constrained on the left hand side of
the well, when ¢ approaches ck*; no singularity occurs in f
because a decaying trapped solution receives power from the energy
in the collapsing tails outside the well and the condition

1 rk
17T in the limit T + -», imparts the tail with a

fl* + @
finite amplitude.

We are now ready to exploit the scattering (thought) experi-
ments represented by g, f and £, through the use of complex
function theory. The function g (g, T) exp - iZTt 1is well behaved
throughout the entire upper half ¢-plane; as |z| » « it ap-
proaches [g]. b(z) in turn approaches }iT b(z) = 1, because

g |+eo ;

in this limit no reflection occurs and f becomes equal to g

asymptotically. We multiply (3.3) on both sides by

(exp - igt)/b(7). (3.4)

Aokl o
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In the upper half plane, the left hand side has poles at ¢ = Ty
in the upper half plane and approaches [g] in the limit |[g| » o.
Because the left hand side is equal to the right hand side, the
latter has the same poles and same limiting behavior in the upper
C-plane.

Next, we define the function £(z, T) exp - ifZt in the lower
half plane. This function in turn approaches [g] as |z| - =,
and has no singularities. The discontinuity between the two

functions in the two half planes on the real <(¢-axis, ¢ = g,

is:

a(g)
b (&)

£(E, 1) exp - ifT.

We appeal next to complex function theory. If a complex function
is well behaved throughout the entire complex (¢-plane with the
exception of a finite number of poles and a discontinuity on the
real axis then the function can be written in terms of a sum of
contributions of the poles and in terms of an integral representing
the discontinuity along the real axis. This property of complex
functions is in one to one correspondence with potential theory

in two dimensions. If a two dimensional electrostatic potential
has a finite number of point (line) charge sources and has certain

discontinuities along a curve (surface), these discontinuities
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being produced by surface sources, then the potential may be found
using the appropriate Green's function.

The formal evaluation is presented in Zakharov-Shabat (1972).
Here we shall confine ourselves to the special case of a reflection

free well, a(&) - 0. Then

glz, 1) exp - izt = £(¢, 1) exp - it 13.5)
b(z)

everywhere. Strictly speaking, a(£) cannot be set equal to zero,
it can only be made to approach zero, because otherwise the two
sides of (3.5) cannot be balanced when || - » as can be seen
from the asymptotic behaviors of g(z, t), £f(g, ) and f(z, 1).
The only singularities left are the zeros of b(Z) where
g(ck, 1) becomes proportional to Cx f(ck, T)» Suppose . glz, ©)/
b(z) has simple singularities at Lgr SO that ;t may be written,

taking advantage of the fact that g(tk, T) « f(Ck, T) at ¢ = Sxe

, N o f(g,, 1) 0
9((2I 1) exp - AT = X exp - leT * . (3.6)
b() & s By g
Then, from (3.5)
.»k .’0

exp = 1g,1 = £z, 1) exp = igt -
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